The von-Mises plasticity model, in the small strain regime, along with a class of multicomponent nonlinear kinematic hardening rules is considered. The material is assumed to be stabilized after several load cycles and therefore, isotropic hardening will not be accounted for. Application of exponential-based methods in integrating plasticity equations is provided, which is based on defining an augmented stress vector and using exponential maps to solve a system of quasi-linear differential equations. The solutions obtained by this new technique give very accurate updated stress values that are consistent with the yield surface. The classical forward Euler method is reformulated in details and applied to the multicomponent form of the nonlinear kinematic hardening in order to provide a comparison for the suggested technique. Moreover, a consistent tangent operator for the exponential-based integration strategy and also for the classical forward Euler algorithm is presented. In order to show the robustness and performance of the proposed formulation, an extensive numerical investigation is carried out.
Introduction
Many structures are exposed to cyclic loads, for example, from earthquakes excitations or ocean waves. Design codes allow the use of elastic-plastic analysis to predict load effects, provided that the designer can demonstrate failure does not occur through nonlinear instabilities, excessive deformations or low cycle fatigue. Accurate prediction of structural cyclic response requires precise constitutive models to describe the complex material behavior under cyclic loads ͑Hopperstad and Remseth 1995͒.
Many efforts have been made in the last few decades to develop new models for accurate simulation of material nonlinearity. As a result, various hardening rules have been presented in the literature. Prager ͑1956͒ proposed the simplest kinematic hardening rule which was a linear relation between the incremental plastic strain and the evolution of the backstress. Prager's linear hardening rule was capable of representing the Bauschinger effect in cyclic loading. However, it failed to simulate ratcheting. In order to overcome this deficiency, two basic modifications were made to Prager's linear hardening rule. First, the idea of a multisurface model was suggested by Besseling ͑1958͒ and Mroz ͑1967͒. In these models, multiple interacting yield surfaces were adapted and their translation was governed by a linear rule. These hardening rules presented a better response of materials, but alike other multilinear models, fail to predict ratcheting. The other modification made to Prager's rule was adding a recovery term to the linear term of the hardening law. This made the prediction of plastic strain accumulation, i.e., ratcheting, possible. The first hardening rule proposed in this category was the nonlinear hardening rule of Armstrong and Frederick ͑1966͒. Many hardening rules have been proposed ever since, using the idea of a strain hardening term and a recovery term. One of the major developments in this area was the work of Chaboche et al. ͑1979͒ . Their idea was to decompose the backstress into several components and regulating each of these components to individually evolve according to an Armstrong-Frederick ͑AF͒ hardening rule. The idea of decomposing the backstress has become a main interest since. Chaboche ͑1991͒, Ohno and Wang ͑1993͒, Abdel-Karim and Ohno ͑2000͒, Kang ͑2004͒, Abdel-Karim ͑2009͒, and Rezaiee-Pajand and Sinaie ͑2009͒ later used a modified version of the original AF equation in their decomposed models.
Nonlinear finite-element analysis is an essential component of computer-aided design. In this kind of analysis, finding the answer is usually based on iterative solution of the equilibrium equations, which leads to incremental strain histories. Afterward, with the use of the material's constitutive equations, which characterize the stress as a function of the deformation history, the updated stresses are obtained. Finally, equilibrium is checked for the updated stress distribution and, if not satisfied, the iteration process is continued. One of the important steps in this process is the stress updating algorithm, which requires a large amount of calculations, even for simple constitutive models. A threedimensional model of a solid structure may have several thousand stress points at which stress updating calculations are required during each load step and in its corrective iterations. This stress updating is normally performed by numerical integration of the elastic-plastic constitutive equations.
Since cyclic inelastic analysis often leads to extensive computations, it is equally important to develop accurate, robust and efficient computational algorithms. In the past several years, new integration techniques based on the internal symmetries of simple constitutive models have been developed. The internal symmetry group of the constitutive model ensures that the plastic consistency condition will be exactly satisfied at the end of each time step if the numerical process can take it into account ͑Hong and Liu 1999 Liu , 2000 Liu , 2001 Liu 2003 . Auricchio and Beirão da Veiga ͑2003͒ converted the original nonlinear differential problem of von-Mises plasticity with linear hardening into a dynamical system Ẋ = AX for an augmented stress vector X. Then, they developed a new numerical scheme by employing an exponential map, exp͑A n ⌬t͒, as an approximation to the mentioned system. Further improvements were made to this scheme and consistent methods with a second-order accuracy were developed ͑Artioli et al. 2006; Rezaiee-Pajand and Nasirai 2007͒. By considering vonMises plasticity with a combination of the linear isotropic and Armstrong-Frederick nonlinear kinematic hardening, Artioli et al. ͑2007͒ presented an integration algorithm based on exponential maps.
The main objective of this work is the development of an exponential-based algorithm for integrating the cyclic plasticity models. In this investigation, the cyclic plasticity model includes the von-Mises yield criterion and multicomponent nonlinear kinematic hardening. Isotropic hardening is not considered in this study, and it is assumed that the material is stabilized after several load cycles. The consistent tangent operator is derived for the suggested integration method, ensuring a quadratic rate of the asymptotic convergence, when used with the Newton-Raphson solution procedure. Moreover, the forward Euler method and its consistent tangent operator are presented to compare the results with the new exponential maps technique.
To simplify the suggested formulations, all second-order tensors are considered as nine components column vectors by ordering the tensor components in a vector format. Due to the symmetry of the second-order tensors, the number of independent components will reduce to six. It is worth emphasizing that the definition of the trace operator and the Euclidean norm must be modified.
Constitutive Models
Kinematic hardening, i.e., the translation of the yield surface in stress space, is the main primary reason for ratcheting. To complete this view, ratcheting is due to unclosed hysteresis loops. Thus, in order to develop and verify a model for ratcheting, it is essential to study the ratcheting responses of stabilized materials. This means that the parameters affecting the isotropic hardening, i.e., the change of the yield surface size, should not be included during the model development for ratcheting. Furthermore, all the kinematic hardening parameters should be determined using the experiments performed on the stabilized material. In this formulation, an associated von-Mises plasticity model with nonlinear kinematic hardening in the small strain domain is adopted. The total strain and stress, and , are decomposed into deviatoric and volumetric components as follows:
In these relationships, tr͑͒ indicates the trace operator and i = vector corresponding to the second-order identity tensor. s , p , e and v are the deviatoric stress, the volumetric stress, the deviatoric strain, and the volumetric strain, respectively. The volumetric component is treated elastically by the following equation:
where K = material bulk modulus. The deviatoric strain is decomposed into elastic and plastic parts as follows:
͑4͒
The elastic deviatoric part, e e , is related to the deviatoric stress by the elastic shear modulus, G, as given in the following equation:
For the shifted or effective stress, ⌺, the following relation is defined:
Here, ␣ = deviatoric part of the backstress and locates the center of the yield surface in the deviatoric plane. The von-Mises yield surface is as follows:
where R = constant radius of the yield surface for a stabilized material. Rate of the deviatoric plastic strain is defined by the following equation:
The term ␥ is a proportionality factor which defines the magnitude of the deviatoric plastic strain and n is a vector which defines the direction of the deviatoric plastic strain, which, for an associated flow rule is normal to the yield surface at the contact point. This can be expressed in the following form:
The most important feature for ratcheting simulation in cyclic plasticity constitutive models is the kinematic hardening rule, which dictates the translation of the yield surface during a plastic strain increment. In this formulation, the multicomponent form of the back stress is used as follows:
where m = number of components of the deviatoric back stress vector. The nonlinear evolutionary rule of each component, ␣ i , is defined below
In this equation, H kin,i = material parameters and responsible for strain hardening and A i = scalar functions, which express the dynamic recovery of each component of deviatoric back stress. In this study, five different relations for the A i function relevant to five well-known nonlinear kinematic hardening models are used.
In the given equations, ā, q i , H nl,i , and i = material parameters; H = Heaviside step function; and ͗ ͘= MacCauley bracket, i.e., ͗x͘ = ͑x + ͉x͉͒ / 2. The Kuhn-Tucker loading-unloading conditions are as follows:
It should be added that plastic flow occurs if ␥ Ͼ 0 and elastically when ␥ =0.
Forward Euler Method
In this section, an explicit numerical scheme, called the forward Euler method, which integrates the constitutive model, will be discussed. In this method, the consistency condition must be enforced at the end of each time step. This will be done by projecting the nonconsistent final solution onto the updated yield surface.
Basic Requirements
Attaining the derivative of Eq. ͑6͒ with respect to time and using Eqs. ͑5͒, ͑8͒, and ͑11͒, the following equation is achieved:
Multiplying this equation by n, and using the consistency condition, the proportionality factor ␥ can be evaluated as below
where Ḡ has the following form:
At this stage, Eqs. ͑19͒ and ͑8͒ can be used to calculate ␥ and the deviatoric plastic strain, respectively. In the next section, an explicit integration strategy is developed.
Integration Scheme
At first, it will be assumed that the step is elastic and a trial solution for the end of the time step, i.e., t n+1 , is considered as follows:
The following relation will also be valid:
If the trial solution is admissible, i.e., ʈ⌺ n+1 TR ʈ Յ R, then the step is elastic and the final solution at the end of the load step is taken as the trial one. Otherwise, plastic correction will be needed. To do this, a scalar parameter must be calculated to divide the whole step into an elastic and a plastic phase. This scalar can be calculated by using the following relations:
Afterward, the deviatoric stress and the effective stress at the contact stress point can be written as
Introducing = ⌬␥ = ␥ ͑1−␣͒⌬t, the increment of the deviatoric plastic strain can be expressed as follows:
where n c = normal vector to the yield surface at the contact stress point. In a fully explicit manner, by choosing the contact values for n and A i in Eq. ͑19͒, the following relationship can be written:
͑26͒
Eqs. ͑25͒ and ͑26͒ will give the increment of the deviatoric plastic strain in the present load step. By using the following relations, the updated deviatoric stress and the center of the yield surface will be achieved:
Since the consistency condition is not automatically satisfied in this procedure, the final stress point will not be located on the yield surface. Therefore, the following correction will be made to the solution to guarantee the satisfaction of the consistency condition:
͑28͒
In these equations, n n+1 = normal vector to the yield surface at the end of load step and a f = parameter that enforces the consistency condition by scaling the stress vector.
Discrete Consistent Tangent Operator
An elastic-plastic tangent operator is needed to develop the structure stiffness matrix in a finite-element analysis. To achieve the quadratic rate of asymptotic convergence for Newton's technique, the tangent operator must be consistent with the numerical method employed to integrate the plasticity rate equations. Consistency implies that the updated stress predicted by the tangent operator must match the updated stress predicted by the integration procedure to the first order. By linearization of the discrete time procedure, the elastic-plastic tangent operator will be developed. This means that ‫ץ͑‬ / ‫͒ץ‬ n+1 is needed. Taking the derivative of Eq. ͑1͒ with respect to n+1 and considering Eqs. ͑3͒ and ͑6͒, the following relation will be achieved:
where
At this stage, the terms ‫ץ‬⌺ n+1 / ‫ץ‬e n+1 and ‫␣ץ‬ n+1 / ‫ץ‬e n+1 in Eq. ͑29͒ must be calculated as follows:
The derivative of A i c is presented in Appendix I. Furthermore, the derivatives of the other vectors appearing in the above equations are given in Appendix II.
Exponential-Based Method
Application of exponential-based technique for integrating model equations of cyclic plasticity models will be presented in this section. First, by defining an augmented stress vector, the nonlinear differential equations of the constitutive model will be converted to a set of quasi-linear differential equations. Then, a numerical scheme based on the exponential maps is used to solve the augmented differential equation system. At the end of this section, a tangent operator consistent with the new integration algorithm is calculated.
Augmented Differential Equation System
In this section, it is intended to convert the original associated von-Mises plasticity model with nonlinear kinematic hardening, i.e., Eq. ͑7͒, into the following nonlinear differential system:
where X = augmented generalized stress vector with n + 1 dimensions and has the following form:
The parameter ⌺ is a nondimensional effective stress vector with the following definition:
Using Eqs. ͑6͒ and ͑5͒ leads to the following equation:
Taking the derivative in time from the last equation and using Eqs. ͑10͒ and ͑11͒ gives the following result:
By inserting Eq. ͑8͒ into Eq. ͑38͒ and using Eq. ͑9͒, the following differential equation can be obtained:
where Ḡ has been given in Eq. ͑20͒ and ⌽ is defined by the following relation:
Eq. ͑39͒ is valid for both of the elastic ͑␥ =0͒ and plastic phase. Now, using the nondimensional effective stress ⌺ , which is defined in Eq. ͑36͒, the following equation can be achieved:
At this stage, the following integrating factor, X 0 , is introduced:
After taking the derivative of the last equation and comparing both of its sides, the following result is obtained:
Solving this ordinary differential equation, with the initial conditions X 0 = 1 and ␥ = 0, leads to the following solution:
Multiplying Eq. ͑41͒ by X 0 and comparing the result with Eq. ͑42͒, the following result is obtainable:
Now, by introducing the vector X s = X 0 ⌺ , the last equation will be converted to the following form:
Eq. ͑43͒ indicates that during the elastic phase ͑␥ =0͒, X 0 will be constant. On the other hand, in the plastic phase, X 0 will be a variable. By taking the scalar product of Eq. ͑45͒ with the vector ⌺ , the following relationship can be proven:
Since in the plastic phase, ʈ⌺ ʈ = 1, the following equation can be derived:
Eqs. ͑35͒, ͑46͒, and ͑48͒ can be written in the compact form of Ẋ = BX, in the same way as it was presented in Eq. ͑34͒. It should be added that B is a control matrix as defined below
In these equations, O and 0 are a null matrix and a null vector, respectively. It is worth emphasizing that the parameter ␥ , which existed in the definition of vector ⌽ through Eq. ͑40͒, can be specified with Eq. ͑19͒.
Stress Updating Algorithm
For calculation purposes, one may approximate the specified controlled-strain path by a rectilinear strain path, such that ė is constant during each time step, denoted by ė n at a discrete time t = t n . In conventional finite-element analysis, the constitutive quantities at time t n , such as s n , e n , ␥ n , and ␣ n are all known and the updated strain, e n+1 , is also known at the time t = t n+1 . The suggested numerical algorithm must integrate the plasticity rate equations over the time increment to determine the updated stress and constitutive quantities. This means solving the system of differential Eq. ͑34͒ with the following initial value:
The solution of the dynamical system ͑34͒ is available in power series' form or in a more compact exponential maps form, as follows:
In the elastic phase, the control matrix B is constant and ⌬tB may be written as follows:
where ⌬e = ⌬tė = e n+1 − e n is the strain rate vector. On the other hand, the control matrix B will not be constant during the plastic phase. However, in a fully explicit manner one may assume that B is constant during each ⌬t time step. The known value of B at the beginning of each time step, B n , is the value considered throughout the time interval. This can be expressed as follows:
In the plastic phase, ⌬tB n can be expressed as follows:
As a result, the following relationships will be valid:
Updating the Center of the Yield Surface
At the end of a time step, the center of the yield surface must be updated. By integrating Eq. ͑11͒, the following relations will be achieved:
As it is clear in Eq. ͑12͒, the parameter A i is a constant scalar in the Chaboche model. It should be reminded that for the other nonlinear kinematic hardening models which are presented in Eqs. ͑13͒-͑16͒, A i will not be constant. If it is assumed that A i is constant during each time step, i.e., A i = A i,n , and ␣ i be approximated by its values at the start and end of the time step, i.e., ␣ i =1/ 2͑␣ n,i + ␣ n+1,i ͒, Eq. ͑60͒ will lead to the following form:
In this equation, = ␥ n+1 − ␥ n . By using Eq. ͑44͒, the following result can be found:
Manipulating Eq. ͑61͒ will lead to the following result:
Summing the components of the back stress vector in Eq. ͑63͒ leads to the following equation for the center of the yield surface:
where the other parameters are as follows:
Using ⌺ n+1 = s n+1 − ␣ n+1 along with Eq. ͑64͒, the following equation for ⌬e p will be achieved:
Finally, inserting the above relation into Eqs. ͑64͒ and ͑63͒, the back stress vector and its components at the end of the load step can be calculated.
Elastic-Plastic Steps
Like many predictor-corrector integration algorithms, each step is started by computing a trial value of the augmented stress vector, by assuming an elastic behavior, as follows:
If the trial estimation is admissible, i.e., ʈX n+1
, then the variables at time t n+1 are taken as the trial values. Note that X n+1 0,TR is equal to X n 0 , since in the elastic prediction X 0 is not changed. If the trial solution is not admissible, then the step is plastic. Therefore, this step can be divided into two parts: an elastic deformation, followed by a plastic deformation. Parameter ␣, which denotes the elastic and the plastic parts of such a step, can be calculated with the use of Eq. ͑23͒. Parameters C, D, and M in the augmented stress space could be presented as follows:
The contact stress augmented stress vector which is related to the intersection of stress path with the yield surface can be computed by the following equations:
Since ͑1−␣͒⌬e denotes a fully plastic step, the updated stress at the end of the time step can still be computed by Eq. ͑57͒ with the following modifications:
where A i c = value of A i at the contact stress point, i.e., A i c = A i ͑␣ n , n c ͒.
Discrete Consistent Tangent Operator
In this section, it is intended to present the tangent operator that is consistent with the new exponential-based integration scheme. Referring to Eq. ͑29͒, the terms ‫ץ‬⌺ n+1 / ‫ץ‬e n+1 and ‫␣ץ‬ n+1 / ‫ץ‬e n+1 must be calculated. Using the definition of X s = X 0 ⌺ and referring to Eq. ͑36͒, the following equality will be valid:
Attaining the derivative of the last equation with respect to e n+1 , gives the below result:
Manipulating Eq. ͑75͒, leads to the following relation:
At this stage, the derivatives of X n+1 s and X n+1 0 are needed. Using Eq. ͑53͒ and assuming a general elastic-plastic load step, the following equations can be written:
As it is seen, the derivatives of the mentioned terms are far more complicated. These expressions are presented in Appendix III. On the other hand, addressing Eq. ͑63͒, to completely define the derivative of ␣ n+1 , the derivatives of its components must be driven as follows:
The derivatives of parameter and vector ⌬e p , which appeared in the last equation, can be calculated referring to Eqs. ͑62͒ and ͑67͒, respectively. These are given below
To calculate the derivatives of parameter H kin and also vector a, Eqs. ͑65͒ and ͑66͒ are used. Finally, the results are as follows:
The derivative of A i c is presented in Appendix I.
Numerical Examples
An elastic-plastic constitutive relationship depends on deformation history. Therefore, an incremental analysis is needed to trace the variation of displacement, strain and stress along with the external forces. In each load step, the equilibrium of the external force and equivalent force of stress acting on nodal points must be satisfied. In fact, two processes are involved in solving nonlinear equilibrium equation. In the first one, the algorithm is used for solving nonlinear simultaneous equations. Most of these approaches are Newton like and need tangential stiffness matrix of structure for a fast convergence. To establish the structural stiffness matrix, a tangent operator, i.e., ‫ץ‬ / ‫,ץ‬ at each sample point of elements must be calculated. Another main action is the integration scheme. For a given stress state and deformation history, this algorithm is used to determine the stress increment, ⌬, which corresponds to a strain increment, ⌬. The integration procedure must be performed at every gauss point of elements for each load step and corrective iterations as well. The tangent operator which is used in the first algorithm must be consistent with the integration scheme of the second one. This study is focused on the integration scheme, and all numerical presentations are pointwise. The selected problems can be classified in three categories. In the first one, i.e., stress updating examples, an input strain history is assumed and the stress output will be calculated. In this category, accuracy and rate of convergence of the presented integration strategy are explored through a piecewise strain history using different time steps. In the second category, i.e., strain updating examples, an input stress history is considered and the strain history will be computed. Here, the objective is to validate the tangent operator through a Newton like, path independent strategy. In the third category, a mixed type control example with some components of stress controlled and also the other components of strain controlled will be presented.
All the strain and stress paths are considered linear to eradicate the discretization errors. It must be mentioned that, each integration scheme operates under the restriction of a constant strain rate vector. For a finite size load step, this leads to a linear approximation of a curved path. The use of this approximation introduces discretization errors. These errors are in addition to the ones from the integration of the plasticity rate equations.
In order to show the robustness of the suggested exponentialbased formulation, all the outputs are compared with the results of the classical forward Euler method. Lacking the exact solution of the investigated problems, the classical forward Euler technique with a very fine load step ͑⌬t =1ϫ 10 −5 s͒ is used to produce required exact solutions. As it is intended to get reasonable results, mechanical characteristics of a kind of carbon steel ͑CS1026͒ is adopted. The material is considered to be stabilized and no isotropic hardening is available. 
Stress Updating Examples
A biaxial nonproportional strain path is considered. The strain components' histories and the corresponding path are represented graphically in Figs. 1 and 2. In these figures, the parameter y0 is the first yielding strain in a uniaxial loading history, i.e., y0 = ͱ 3 / 2͑R / E͒. All the other strain components are equal to zero.
The updated stress history corresponding to this strain history is calculated with the new exponential-based method and also with the forward Euler algorithm for the sake of comparison. The results are achieved using a practical load step size ͑⌬t = 0.0125 sec͒. The nondimensional or relative error of the updated stress is defined by the following equation:
where n ‫ء‬ = exact stress vector at time t n . Figs. 3-5 show the accuracy of the exponential maps scheme in comparison with the classical forward Euler method for three different nonlinear kinematic hardening models. The diagrams show that the proposed exponential-based strategy gives a better approximation of the updated stress. It must be mentioned that the assumed load step is the largest one that allows the forward Euler method to converge. As it can be seen in Fig. 5 , in the Ohno-Wang hardening model, even with this load step, the classical technique diverges. In order to better investigate the rate of convergence of these algorithms, the average total error is introduced as follows:
where the parameter N = total number of the load steps. By adopting different size of the load steps, the total error is computed for both schemes assuming the Ch3 kinematic hardening model. Afterwards, the results are plotted in Fig. 6 . It is easy to find, in a logarithmic space of this diagram, the relationship between the total error and the number of substeps is linear. The slope of each line represents the convergence rate of the corresponding procedure. It shows that, although both algorithms have first order accuracy, but the classical method will diverge with the large load steps.
For a better demonstration of the performance of the new formulation, another nonproportional strain history is considered. This history and its path are presented in Figs. 7 and 8, respectively. The accuracy of the suggested exponential maps scheme in comparison with the classical forward Euler method is shown in Figs. 9-11 . Like the previous example, three different nonlinear kinematic hardening models are considered. It is evident that the updated stresses calculated by the new method have better accuracy.
At this stage, it is intended to test computation time for three different integration algorithms. In a pointwise problem, the computation time on a normal CPU for a single stress point is very short. To give a measurable CPU time, the strain history of Fig. 1 is repeated 50 times with a total time of 350 s. For a convincible demonstration, the formulation of backward Euler method, which is an implicit algorithm and was presented comprehensively by Kobayashi and Ohno ͑2002͒, is also tested. The total error in all three strategies is kept the same. Results are presented in Table 1 . The proposed algorithm requires the shortest computation time and runs about 19% faster than the forward Euler method, which is known as a rapid scheme. The longer CPU time of the backward Euler method is due to its inherence iterative loops.
Strain Updating Examples
In these pointwise problems, the objective is to test the secondorder convergence rate of the elastoplastic consistent tangent, through a Newton algorithm in a load-driven manner with the iterative process. A biaxial nonproportional stress history is con- Fig. 12 . In addition, the corresponding stress path is shown in Fig. 13 . All other stress components are assumed to be equal to zero. The strain history corresponding to this stress history is updated. The results are obtained by the new exponential-based scheme and also with the forward Euler algorithm that is used for assessment. A practical time discritization with the size of ⌬t = 0.0125 s is used. The nondimensional or relative error for the updated strain can be defined by the following equation:
where n ‫ء‬ = exact strain vector at time t n and n = numerical solution. Figs. 14-16 show the accuracy of the exponential maps formulation in comparison with the classical forward Euler method for three different nonlinear kinematic hardening models.
As it is clearly seen from these figures, better approximation of the updated strain is computed by the exponential-based method. To examine the rate of convergence, the relative Euclidean norms of error in the Newton iterations for each time step are defined by the following relation:
where n and n i = convergence strain and its ith estimation in time t n , respectively. To demonstrate the second-order convergence of Tables 2-4 for successive iterations in two arbitrary times t = 4 s and t = 8 s for stress Path 1 and assuming Ch3, Ch4T, and OW kinematic hardening models. These tables show that the developed technique has a quadratic convergence rate.
For a better demonstration of the performance of the new algorithm, another stress history is considered. This history and its path are presented in Figs. 17 and 18 , respectively. The accuracy of the exponential maps scheme in comparison with the classical forward Euler method is shown in Figs. 19-21 . Like the previous example, three different nonlinear kinematic hardening models are considered. It is clear that the updated strains calculated with the exponential-based method have better accuracy.
The assumed multicomponent nonlinear kinematic hardening models have the ability to predict ratcheting. In the following, an example is presented to verify the facility of the new numerical algorithm in predicting ratcheting. A broad set of the ratcheting data, which includes uniaxial to complex biaxial ratcheting responses of the stabilized carbon steels, have been developed by Hassan and Kyriakides ͑1994a,b͒. The prescribed cyclic loading history is shown in Fig. 22 . This diagram involves the unsymmetrical axial stress cycles with a mean stress m = 45 MPa and an amplitude stress a = 220 MPa. The simulation for a single stress-controlled hysteresis loop by the Chaboche model using three decomposed rules ͑Ch3͒ is carried out. Forward Euler method and the new exponential-based scheme, with a practical load step of the size ⌬t = 0.01 s, are used and the results are compared with the exact solution. As it was mentioned before, the exact solution is computed by the classical forward Euler with ⌬t =1ϫ 10 −5 s. Fig. 23 shows that the responses of the new numerical strategy are very close to the exact solution, even with the large considered load step. Moreover, stress versus plastic strain relation computed with the exponential-based technique for 45 load cycles is shown in Fig. 24 . It should be mentioned that in stress-controlled problems, several stress updating calculations are needed to get a converged solution. As the exponential map method is more accurate in stress updating than the forward Euler method, the improvement of the accuracy in stress-controlled examples is much higher than the strain controlled problems.
To verify the ability of the new developed numerical algorithm to solve the different hardening models, the plastic axial strain at positive stress peaks of the uniaxial cycles are plotted and compared with the experiment results ͑Bari and Hassan 2000͒. Fig. 25 shows the solutions of Chaboche model, using three decomposed rules with two different values for H nl,3 . The prediction of the ratcheting, by the means of the Ohno-Wang kinematic hardening model, is also shown in Fig. 26 . To demonstrate the effect of nonlinearity induced by the power q i on the ratcheting simulations, three different values for this parameter, which are q i = 0.2/ 0.45/ 0.70, are considered. It is worth emphasizing that the smaller the value of the q i , the more nonlinear the decomposed rules are. In other words, if this value decreases, the rate of the ratcheting increases.
Mixed Type Control Example
A biaxial nonproportional strain history is considered. The nonzero input strain components' histories and the corresponding path are represented graphically in Figs. 27 and 28. All the stress components not corresponding to the two controlled-strain components are identically equal to zero. For the sake of comparison, the updated stress and strain history are calculated with the new exponential-based method and also with the forward Euler algorithm. A load step with the size of ⌬t = 0.0125 s is considered. The relative errors of updated stress, Eq. ͑85͒, and also updated strain, Eq. ͑87͒, are computed for Ch3, Ch4T, and OW kinematic hardening models. The results, which are illustrated in Figs. 29-34, show the performance of the exponential-based method.
Conclusions
The von-Mises yield function, in the small strain domain, along with a class of multicomponent forms of nonlinear kinematic hardening rules are considered in this study. Application of exponential-based methods in integrating constitutive equations for a class of cyclic plasticity models has been proposed. Furthermore, a detailed formulation is presented for the forward Euler method to compare the results with the new exponential-based technique. The consistent tangent operator for the exponentialbased algorithm and also for the classical forward Euler algorithm is developed. This operator could be used to construct the stiffness matrix of a structure and eventually guarantees the quadratic rate of convergence for solving nonlinear simultaneous equations in a finite-element analysis. A wide range of the numerical test is carried out. As it was clearly shown, the exponential-based technique gives very accurate updated stress values that are consistent with the yield surface. Without any doubt, this robustness of the 
